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Curvatures in the most probable rupture force (f *) versus log-loading rate (log rf) observed in dy-
namic force spectroscopy (DFS) on biomolecular complexes are interpreted using a one-dimensional
free energy profile with multiple barriers or a single barrier with force-dependent transition state.
Here, we provide a criterion to select one scenario over another. If the rupture dynamics occurs by
crossing a single barrier in a physical free energy profile describing unbinding, the exponent ν, from
(1 − f */fc)1/ν ∼ (log rf) with fc being a critical force in the absence of force, is restricted to 0.5 ≤ ν

≤ 1. For biotin-ligand complexes and leukocyte-associated antigen-1 bound to intercellular adhesion
molecules, which display large curvature in the DFS data, fits to experimental data yield ν < 0.5,
suggesting that if ligand unbinding is assumed to proceed along one-dimensional pulling coordinate,
the dynamics should occur in a energy landscape with multiple-barriers. © 2012 American Institute
of Physics. [http://dx.doi.org/10.1063/1.4739747]

INTRODUCTION

Single molecule pulling experiments have generated a
wealth of data, which can be used to probe aspects of fold-
ing that were not previously possible.1–3 In addition, dy-
namic force spectroscopy (DFS) has been used to decipher
the energy landscape of molecular complexes by measur-
ing the rupture force (f) by linearly increasing load at a rate
rf (=df/dt). Because of the stochastic nature of the unbind-
ing events, f varies from one complex (or realization) to an-
other, giving rise to an rf-dependent rupture force distribu-
tion (P(f)). For a molecular complex obeying Bell’s formula,
k(f) = koffexp (fx‡/kBT), Evans and Ritchie showed that the
most probable force is f * = (kBT/x‡)log (rfx‡/koffkBT),4 where
x‡(= xts − xb) is the location of the transition state (xts) from
the bound state (xb) projected along the pulling coordinate
and koff is the unbinding rate in the absence of force. How-
ever, Bell-Evans formulae are applicable only if the molec-
ular complexes are mechanically brittle or if the applied
tension is sufficiently small that x‡ does not shift upon ap-
plication of force.5 More generally, f * follows a (log rf)ν de-
pendence, where ν depends on the details of the assumed one-
dimensional (1D) model potential.6–13 The basic assumption
in all these works is that a single free energy barrier along the
pulling coordinate is sufficient to describe force-driven rup-
ture of the bound complex.

Sometime ago Merkel et al. used DFS to probe load de-
pendent strength of biotin bound to ligands, streptavidin and
avidin,14 showing that over six orders of variation in rf (from
about 10−2 to rf in excess of 104 pN/s) the plot of f * versus
log rf ([f *, log rf] plot) varies nonlinearly for both ligands. We
note parenthetically that it is also common to observe curva-
ture in unfolding rates of proteins when the rf is varied.15 By
careful data analysis combined with molecular dynamics sim-
ulations, they proposed an energy landscape for the complex,
with multiple energy barriers.14 A similar picture emerges in
the rupture of intercellular adhesion molecules (ICAM-1 and

ICAM-2) bound to leukocyte function-associated antigen-1
(LFA-1) upon application of force.16

In principle, however, nonlinearity in [f *, log rf] plot
could also arise from load dependent variation in x‡

(Ref. 17) in a 1D energy landscape with a single
barrier.5–10, 12, 13, 17 A theoretical model describing force-
induced escape from a bound state with a single barrier in
a cubic potential (ν = 2/3) has been used to rationalize the
biotin-ligand data by identifying various linear regimes de-
marcated by rf.9 However, in the absence of easily discernible
changes in the slopes in [f *, log rf] plot, it is difficult to justify
such an analysis. Here, we show by analyzing experimental
data that the observed nonlinearity in the DFS data of sev-
eral protein complexes can be better accounted for with an
energy landscape containing multiple sequential barriers, as
originally demonstrated.14, 16

THEORY

To illustrate how steep curvatures in DFS data can arise
naturally from a 1D free energy profile, we calculated P(f)
and [f *, log rf] of forced-escape kinetics of a quasiparticle
from a potential with two barriers, U(x) = Ax(x − 1)[(x − 2)
(x − 3)(x − 4)(x − 5) + 1] with A > 0 (Fig. 1). The dis-
tributions P(f) are typical of what is observed in experiments
(Fig. 1(b)). For all values of A, [f *, log rf] plots are curved al-
though one could discern a modest change in slope (Fig. 1(c)).
The loading rate dependent x‡(rf), calculated from the slope
of the data kBT/x‡(rf) at each rf in Fig. 1(c), changes from
∼3 nm to <1 nm. The precipitous change in x‡ at rf ≈ (e−3

− e0) pN/s reflects the transition of the confining barrier
from the outer to inner barrier with an increasing force (see
Fig. 1(a)). In contrast, gradual change of x‡ in the range
0 < log rf < 10 is most likely due to the movement of the
inner transition state (see Fig. 5(c) in Ref. 5). For an underly-
ing potential given as the one in Fig. 1(a), it is straightforward
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FIG. 1. Rupture characteristics obtained numerically using a potential with
two barriers at constant loading rates. (a) U(x) (magenta) and U(x) − f
· x (cyan) with A = 5 pN nm and f = 50 pN. Reflecting and absorbing
boundary conditions are set at x = a and x = b, respectively. (b) Rup-
ture force distributions, P (f ) = k(f )/rf · exp [− ∫ f

0 df ′k(f ′)/rf ], at vary-
ing rf were computed by using mean first passage time (MFPT), k−1(f )

= D−1
∫ b

a
dyeβ(U (y)−f ·y)

∫ y

a
dze−β(U (z)−f ·z), starting from the first bound

state at a(=0 nm) to reach an absorbing boundary at b(=5 nm). MFPT expres-
sion is valid in the force regime where stationary flux approximation holds.4

The length was scaled by nm, and D = 1.0 × 107 nm2/s was used for the
diffusion constant. (c) [f *, log rf] plots at three A values. Fits of [f *, log rf]
to Eq. (5) yield ν � 0.5 for all A values (ν = 0.064, 0.075, 0.046 for A
= 4, 5, 6 pN nm, respectively). In this case, the data should be divided
into two regions and analyzed by the two linear fits as depicted using green
lines on the curve with A = 6 pN nm. (d) Loading rate dependent x‡(rf)
(= xts − xb), extracted from the slope of plot at each rf in (c) with
A = 5 pN nm, shows a sharp decrease from ∼3 nm to <1 nm around
rf ≈ (e−3 − e0) pN/s.

to interpret that the two discrete slopes in Fig. 1(c) (or the pre-
cipitous transition of x‡ in Fig. 1(d)) are due to crossing the
two barriers. In contrast, it is nontrivial to solve the inverse
problem, i.e., to unambiguously decide from [f *, log rf] plots
whether the underlying free energy profile has a single barrier
with a moving transition state or multiple barriers.

To establish a criterion for ascertaining whether the en-
ergy landscapes for forced-ligand rupture from biotin and
LFA-1 have multiple barriers, we study the range of appli-
cability of DFS formalism based on a model potential with a
single barrier. Consider a Kramers’ problem of barrier cross-
ing in a free energy profile G(x) in which a single barrier sep-
arates the bound and unbound states of a quasi-particle as in
ligand bound in a pocket of a receptor

G(x) = G(xc) + fc(x − xc) + (−1)n+1M

(n + 1)!
(x − xc)n+1, (1)

with M > 0. In G(x), a 1D-free energy profile with a sin-
gle barrier, the shape of barrier and energy well is approx-
imated using n-th order polynomial with n = 1, 2, 3, . . . .
For odd n, we assume that G(x) = −∞ for x > xc, so that
the transition state of G(x) is cusped. In the absence of ten-
sion, the barrier height, G‡, and the location of transition state,

n=2 n=6 n=20

plastic,�ductile�(soft) brittle�(hard)

.... .... ....
G(x)

n=1 n=5 n=19

............

FIG. 2. The n-dependent shape of G(x) (Eq. (1)). The potential with increas-
ing n is associated with more brittle molecular complexes. The yellow circle
(x = xc) denotes an inflection point and a cusp in each even and odd n poten-
tial, respectively.

x‡, are G‡ = χ n
n+1fc(n!fc/M)1/n and x‡ = χ (n!fc/M)1/n, re-

spectively, where χ = 1 (for odd n), 2 (for even n). Thus,
the critical force (fc) at which the transition barrier vanishes
is given by fc = n+1

n
G‡/x‡. The form of G(x), an extension

of the so-called microscopic models using harmonic-cusp or
linear-cubic potential, accounts for the degree of plasticity (or
ductility) or brittleness of the energy landscape4 by changing
n (Fig. 2).5 Under tension, the effective free profile is given by
Geff(x) = G(x) − f · x, and fc should be replaced with fc(1 −
f/fc) = fcε. Therefore, the force dependent free energy barrier
and transition state are G‡(f) = G‡ε1 + 1/n and x‡(f) = x‡ε1/n.
Although Eq. (1) looks similar to the one Lin et al. used to dis-
cuss rupture dynamics for ε � 1, where the barrier height is
almost negligible,12 we did not impose any specific force con-
dition on G(x). Instead of attributing the movement of transi-
tion state to a large external tension,7–10, 12, 13 we mapped the
nonlinearity in DFS data onto G(x) that has the n-dependent
shape of transition barrier and bound state. In G(x), increasing
brittleness makes x‡(f) insensitive to applied tension, which is
dictated by n; x‡(f)/x‡ = ε1/n → 1. For a generic free energy
profile F(x) with high curvatures at both x = xts and xb, x‡(f)/x‡

= 1 − f/x‡ × (|F′′(xts)|−1 + |F′′(xb)|−1) → 1.5 When free en-
ergy profile is associated with a brittle barrier, Bell’s formula
can be used to extract the feature of the underlying 1D profile
from DFS data.5

For general n, the Kramers’ rate equation based on the
Eq. (1) under tension can be derived as

k(ε) = κεα(n) exp (−βG‡ε(n+1)/n), (2)

where κ is the prefactor in Kramers’ theory and α(n) = χ

(1 − 1/n) with χ = 1, 2 for odd and even n, respectively. For
a given k(f), the most probable unbinding force is determined
by dP (f )/df |f =f ∗ = 0, resulting in a general equation for f *

k′(f ∗) = 1

rf

[k(f ∗)]2, (3)

where k′(f ) = dk(f )/df . This equation leads to

ε
n+1
n = −1

βG‡ log

[
rf x‡

κkBT
ε1/n−α(n)

(
1 − 1

βG‡
nα(n)

n + 1
ε− n+1

n

)]
.

(4)

Under the typical condition that rupture occurs by thermal ac-
tivation, i.e., f � fc(ε ≈ 1) and βG‡ 
 1, the most probable
unbinding force is approximated as

f ∗ ≈ fc

[
1 −

(
−kBT

G‡ log
rf x‡

κkBT

)ν
]

, (5)

Downloaded 11 Sep 2012 to 128.8.92.18. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



055103-3 C. Hyeon and D. Thirumalai J. Chem. Phys. 137, 055103 (2012)

-5 0 5 10 15

0

50

100

150

200

f*  [p
N

]

=0.40 ( red
2
=0.120)

=0.50 ( red
2
=0.784)

=0.070 ( red
2
=8.48)

-2 0 2 4 6 8 10 12
log rf [pN/s]

0

1

2

3

4

5

x
 [n

m
]

biotin-streptavidin
biotin-avidin

++

-5 -4 -3 -2 -1 0

-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

lo
g

1
f*

/
f c

(
)

log
kBT

G
log

rf x

kBT2 4 6 8 10 12

log rf

0

50

100

150

200

f*
 (

pN
)

resting ( =0.031)
PMA ( =0.029)

Mg
2+

 ( =0.14)

LFA-1:ICAM2

(a)

2 4 6 8 10 12
0

100

200

300

400

f*
 (

pN
)

resting ( =0.076)
PMA ( =0.063)

Mg
2+

 ( =0.046)

LFA-1:ICAM1

(b)

log rf [pN/s]

FIG. 3. Analysis of DFS data with large curvatures. (a) The data obtained using biomembrane force probe (BFP) with force constant in the range 0.1–3 pN/nm
(Ref. 14) were fitted to Eq. (5) (solid lines) with ν = 0.40 for biotin-streptavidin (circle) and ν = 0.070 for biotin-avidin (triangle). The x‡(rf) at each rf is
calculated on the right using the slope of four successive data points of [f *, log rf] plot. Analyses of data using restricted ν values (ν = 0.5 fit is in dashed line in
Fig. 4(a)). (b) Analysis of DFS data of LFA-1 and its ligands, ICAM-1 and ICAM-2 in Ref. 16. The fits in log-log scale are shown on the right. In all cases, ν <

1/2 suggests that for these complexes as well the underlying free energy profiles must contain at least two barriers; thus multi-state fits are required by dividing
the DFS data into multiple regions as was already surmised in Ref. 16.

where ν = n
n+1 . In deriving Eq. (5) using G(x), the large force

ε(= 1 − f/fc) � 1 or fast loading condition, an assumption
made in obtaining the mean unbinding force expression
similar to Eq. (5),6, 12, 13 is not needed. Only the shape of the
energy potential matters in deriving Eq. (5) from Eq. (1).
The DFS data will have a larger curvature for smaller n, for
example, when the energy landscape associated with a protein
complex is more ductile (Fig. 2). Because n = 1 (harmonic
cusp), 2 (linear cubic), . . . , ∞ (Bell), ν must satisfy the bound

1/2 ≤ ν ≤ 1, (6)

for an arbitrary 1D profile that suffices to describe rupture
kinetics.

For forced-rupture of biotin-ligand complex, fits to the
entire range of the data using Eq. (5) give ν in the disal-
lowed range; ν = 0.40 (biotin-streptavidin) and ν = 0.070
(biotin-avidin) (see Fig. 3(a)). Even in biotin-streptavidin

case, the parameters extracted from the fits with ν = 0.40 and
ν = 0.5 (fixed) are comparable; however, the fit with ν = 0.40
is superior yielding both smaller relative error and reduced
chi-square value, χ2

red , than with ν = 0.5, the lower bound
of Eq. (6), that gives the maximal curvature in the single-
barrier picture (see Figs. 3(a) and 4). For both the biotin-
ligand complexes, our criterion consistently suggests that the
unbinding landscapes for the complexes involve more than
one barrier, as was emphasized by Merkel et al.14 Next, we
analyzed the extensive data on LFA-1 expressed in Jurkat
T cells whose binding affinity to ICAM-1 and ICAM-2 can
be enhanced by treating the cells with phorbol myristate ac-
etate (PMA) and the divalent counterion, Mg2 +. Under all
conditions, the exponents that best fit the DFS data are ν

< 0.5 (Fig. 3 (b)). As originally argued by entirely differ-
ent method16 rupture of ICAM-1 and ICAM-2 from LFA-1
is best described using a free energy profile with at least two
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   x  (nm) G  (kT)   (s-1)

0.397 0.900 15.66 1.91 104 0.120

1/2 0.719 14.64 1.22 104 0.784

2/3 0.547 13.56 9.24 103 5.743

   x (nm)  exp(-G /kTT) (s-1)

1 0.396 0.0016 15.32
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FIG. 4. Analysis of DFS data using Eq. (5) for (a) biotin-streptavidin and (b) biotin-avidin. For each ν, the fits, residuals (|f ∗
f it − f ∗

exp|/f ∗
exp × 100), and

extracted parameters were summarized in the table on the right. We can draw some general conclusions from the fits. For the biotin-streptavidin complex, fit
with ν = 0.397 produces the smallest errors although at high loading rates the relative errors for ν = 0.397 and ν = 0.5 are comparable. There are variations
in other parameters (x‡, G‡, and κ) for all ν. For the biotin-avidin complex, the situation is far worse. In particular, the relative errors in the fits are large even
when ν is varied. Similarly, the parameters extracted from the fits are not totally consistent. Taken together, the fits using a 1D free energy profile with a single
barrier is not appropriate to describe the rupture kinetics of these two complexes.

barriers. Taken together we arrive at a consistent conclusion
that ν < 0.5 implies that the underlying free energy landscape
in protein-ligand complexes has multiple barriers.

DISCUSSION

Mathematically the inequality (Eq. (6)) is not strict be-
cause it is possible to construct 1D profiles with ν < 0.5 for
which [f *, log rf] plots exhibit curvature like those observed
in experiments. However, such free energy profiles are phys-
ically pathological with non-existing first derivatives in the
vicinity of the bound complex and fits to the data give man-
ifestly unrealistic parameters (see the Appendix for detailed
calculations and analysis). For the physical free energy pro-
files with a single barrier, Eq. (6) is rigorously satisfied. In
addition, there is no compelling reason to choose a special n
value even if 1D profile is deemed adequate, and thus ν ought

to be treated as a parameter. Although Ref. 11 used ν as a
free parameter, the validity range for ν was not discussed. If a
global fit of [f *, log rf] data using Eq. (5) yields ν < 0.5 and
the effect of probe stiffness18 is absent in the DFS data (see
below), we can conclude that a single barrier description of
the energy landscape is inadequate.

In principle, curvature in the DFS data could also arise
due to probe stiffness. Simple procedure of tiling free en-
ergy profile by the amount −f · x under tension is widely
used in analyzing single molecule force experiment. How-
ever, more rigorous formulation for the effective free en-
ergy profile under load using a transducer with stiffness k
should read Gtot (x,Xtr ) = G(x) + 1

2keff (x − Xtr )2, where x
is the position of the end of molecule, Xtr is the position
of transducer, and keff is the effective stiffness of molecular
construct combining the stiffness of the transducer (ktr) and
that of the molecular complex (km) (k−1

eff = k−1
tr + k−1

m ). In
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fact, 1
2keff (x − Xtr )2 = −f · x + 1

2keff x2 + 1
2keff X2

tr with
f = keffXtr. Therefore, the effective free energy for the
complex under tension should be written in general as
Geff (x) = G(x) − [f − 1

2keff x] · x.19 As long as f 
 1
2

keff x (or Xtr 
 x/2) especially when keff is small as in opti-
cal tweezers or biomembrane force probe (BFP), one can ap-
proximate Geff(x) ≈ G(x) − f · x. Otherwise, rebinding from
transient capture well created by a large probe stiffness at
near-equilibrium loading condition could give rise to the non-
linearity in the DFS data.18 Therefore, the rupture force be-
ing measured should be replaced by f ∗ → f ∗ − 1

2keff x‡ε1/n,
and at low forces (f � fc) the most probable force measured
by using a transducer with high stiffness such as AFM could
be approximated as

f ∗ ≈ 1

2
keff x‡︸ ︷︷ ︸
=fpl

+ fc

[
1 −

(
−kBT

G‡ log
rf x‡

κkBT

)ν
]

︸ ︷︷ ︸
=fDFS

. (7)

The effect of probe stiffness manifests itself as a non-
vanishing plateau force, which could be as large as
fpl ≈ (10 − 100) pN, when keff ≈ 100 pN/nm and x‡ = 0.1
− 1 nm, even when rf is small enough that fDFS = 0.18

The biotin-ligand complexes data preclude the possibility
of curvature arising due to probe stiffness because the probe
stiffness of BFP is keff = 0.01 − 0.3 pN/nm,14 which is 1–2 or-
ders of magnitude smaller than the keff value discussed in the
literature.20, 21 As a result fpl � fDFS, and hence the probe stiff-
ness has no effect on the dependence of f * on rf. The value of
keff is 0.5 − 2.0 pN/nm in the experiments involving LFA-1.16

Even the largest estimated x‡ value for the outmost barrier
(x‡ ≈ 3 nm) only yields fpl < 1 pN. Furthermore, if the
nonlinear curvature of DFS data is suspected to be due
to the stiffness effect, this ought to be discerned from the
curvature due to multiple barriers by producing DFS data at a
smaller probe stiffness. The curvature due to multiple barrier
should persist in the DFS data even with a small keff. Thus,
the curvature in the data in14 can only be attributed to the
presence of multiple barriers.

CONCLUSION

The variable that is conjugate to the applied mechanical
force in single molecule force spectroscopy is the molecular
extension. Thus, it is natural to extract the underlying free en-
ergy profiles in terms of extension from measurements such
as unbinding force versus loading rate or unfolding rates as
a function of force. With the exception of the theory intro-
duced to obtain the roughness of the energy landscape,22 the
experimental data are analyzed using theories by assuming
that a suitable one-dimensional energy landscape profile cap-
tures the unbinding process. The single barrier based 1D force
theories,7–13 which are sometimes termed microscopic mod-
els, have been applied to many different systems to extract
the characteristics of free energy profile,11, 23, 24 such as the
free energy barrier between the bound and unbound states and
location of the transition state. The validity of the extracted
parameters can only be assessed using theoretical methods
as has been demonstrated for the location of the transition

state.25 However, for a class of systems for which force data
displays a large curvature as the loading rate is varied, it is
not clear if the microscopic models, based on a single barrier
picture with moving transition state, can still be used. The
condition (Eq. (6)), which we showed, should be strictly sat-
isfied for single-barrier based 1D force theories,7–13 provides
a guideline that can be used to assess whether the curvature
in DFS data is due to multiple barriers or single barrier with
a ductile transition state. The presence of multiple barriers in
the pulling coordinate can only be discerned by globally fit-
ting the DFS data using Eq. (5) over a broad range of log rf

with ν as a fitting parameter. While a more complex scenario
that considers a dynamics on a multidimensional landscape
could also produce a large curvature in DFS data,26, 27 we did
not consider further complication beyond one-dimension be-
cause the extracted parameters from the data for the protein
complexes with ligands using 1D profile with multiple barri-
ers are physically reasonable.14, 16 When two different mod-
els produce results of a similar quality but the knowledge on
molecular structure associated with force-induced dynamics
is absent, it is reasonable to choose a simpler model. It is still
to be noted that additional justification for the use of particu-
lar energy landscapes can only be made by studying the struc-
tures of the protein complexes in molecular detail.
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APPENDIX: DFS THEORY FOR A FREE ENERGY
PROFILE WITH NON-INTEGER n

It could be argued that the inequality 1/2 ≤ ν ≤ 1 (valid
rigorously for integer n) that accounts for the curvature of
DFS data is not mathematically required. Here, we show that
it is possible to construct 1D free energy profiles for which
ν is clearly less than 0.5. Indeed, these free energy profiles
can even have nearly vanishing ν. However, such profiles are
unphysical because near the bound state, they have incorrect
curvatures compared to the physical profiles discussed in the
text and in the references cited therein. More importantly, the
first derivatives of these free energy profiles, which yield ν

< 0.5, do not exist near the bound state, i.e, they have a sin-
gularity. For these and other reasons (see below), we reject
these free energy profiles as plausible models for explaining
the curvatures in the observed [f *, log rf] plots in a number of
protein complexes discussed in the main text, which have all
been explained using a two-barrier model.

A free energy profile with 0 < n < 1 (see Eq. (1)) can
lead to 0 < ν < 1/2 since ν = n

n+1 . To explore this possibility,
we consider a free energy profile

G(x) = σax1/σ − bx, (A1)

with σ > 1. Here, we may regard n = 1/σ and hence n < 1.
The term −bx is required for the potential to have a barrier
at a finite value of x‡, the location of the transition state (TS).
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FIG. 5. (a) The blue curve is the bare (f = 0) free energy profile of the form given in Eq. (A1) and the green curve is the tilted form of G(x) in the presence
of force. By fitting the numerically computed (black circles) f * as a function of rf to Eq. (5) (red curve), we obtain the parameters shown below. Although
the features of original potential G(x) = 100x1/3 − 10x are reasonably recovered (σ is larger than the value in G(x)) by using Eq. (5), the extracted value of κ

is unrealistically large. (b) Equation (5) was used to fit the DFS data of biotin-strepavidin (circles) and biotin-avidin (triangles). Although the quality of fit is
excellent, the unrealistically large value of κ , due to the singularity of the hypothesized fractional potential at x = 0, suggests that the potential with a fractional
power should not be used for the analysis. In fact, the κ values are comparable to or much greater than the TST estimate kBT/h (≈6.2 × 1012 s−1), which of
course makes no sense. Hence, we can rule out the free energy profiles of the form given in Eq. (A1) to analyze DFS data on protein complexes.

The TS location and the associated barrier height are

x‡ =
(a

b

) σ
σ−1

,

G‡ = (σ − 1)a
(a

b

) 1
σ−1

. (A2)

Under tension f, the potential becomes Geff = G(x) − fx
= σax1/σ − (b + f)x. The f-dependent TS location and the
barrier height are

x‡(f )

x‡ =
(

b

b + f

) σ
σ−1

=
(

G‡/x‡

σ−1
G‡/x‡

σ−1 + f

) σ
σ−1

= η
σ

1−σ ,

G‡(f )

G‡ =
(

b

b + f

) 1
σ−1

=
(

G‡/x‡

σ−1
G‡/x‡

σ−1 + f

) 1
σ−1

= η
1

1−σ , (A3)

where η ≡ (1 + f/f1/σ ) with f1/σ ≡ 1
σ−1

G‡

x‡ . Therefore, one can
rewrite Eq. (A1), (G(x)) and an effective free energy (Geff(x))
under tension as

G(x) = σG‡

σ − 1

( x

x‡

)1/σ

− G‡

σ − 1

( x

x‡

)
,

Geff (x) = σG‡

σ − 1

( x

x‡

)1/σ

− (
G‡

σ − 1
+ f x‡)

( x

x‡

)
. (A4)

Given Geff(x), it is possible to obtain the mean first pas-
sage time expression corresponding to the lifetime of the com-
plex that can be measured in single molecule experiments. It
is given by,

k(f )−1 = 1

D

∫ ∞

0
dxeβGeff (x)

∫ x

0
dye−βGeff (y). (A5)

The saddle-point approximation, k(f ) ≈
D(

∫
bound

dye−βG′
eff (0)y)−1

√
G′′

eff (x‡(f ))

2πkBT
e−βG‡(f ) with Eq. (A3),

yields Kramers’ equation for the escape rate

k(f ) = κηα(σ ) exp
[−βG‡η

1
1−σ

]
, (A6)

with α(σ ) ≡ 2σ−1
2(σ−1) . Here, note that the κ , defined as the pref-

actor, contains the singular integral
(∫

bound
dye−βG′

eff (0)y
)−1

.

By using the relationship k′(f *) = [k(f *)]2/rf to derive the
most probable force, we get

η
1

1−σ = − 1

βG‡ log
rf x‡

κkBT

[
(σ − 1)α(σ )

ηα(σ )+1βG‡ + η
σ

1−σ

]
. (A7)

By assuming βG‡ 
 1 and f � f1/σ , we can simplify the
above equation into

η
1

1−σ ≈ − 1

βG‡ log
rf x‡

κkBT
. (A8)

Therefore, the most probable force (f *) for the fractional po-
tential (Eq. (A1)) is

f ∗ ≈ f1/σ

[(
− 1

βG‡ log
rf x‡

κkBT

)1−σ

− 1

]

= f1/σ

[(
− 1

βG‡ log
rf x‡

κkBT

)2−1/ν

− 1

]
, (A9)

where σ = 1−ν
ν

was employed in the last line.
There are a few important comments about Eq. (A9)

that need to be made. (i) Note that the form of Eq. (A9) is
very different from Eq. (5). The difference is related to the
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aforementioned difficulties associated with Geff(x). Neverthe-
less, it is possible mathematically to construct model free en-
ergy profiles, without regard to physical considerations, for
which [f *, log rf] plot has a curvature that is reminiscent of
what is observed in experiments. (ii) Although Eq. (A9) can
be used to obtain excellent fits to DFS data on protein com-
plexes, it turns out that the extracted value of κ is extremely
large and is clearly unphysical (see Fig. 5). The unphysical
values are a consequence of the singularity of G(x) (or Geff(x))
at x = 0. We conclude that the free energy profiles with a frac-
tional power of n, which mathematically creates singularity at
bound state, is not suitable to be used to analyze experimental
data. Thus, the bound 1/2 ≤ ν ≤ 1 in Eq. (6) must hold for
physical 1D free energy profiles with a single barrier.
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